The primordial stochastic gravitational wave background (SGWB) carries first-hand messages of early-universe physics, possibly including effects from inflation, preheating, cosmic strings, electroweak symmetry breaking, and etc. However, the astrophysical foreground from compact binaries may mask the SGWB, introducing difficulties in detecting the signal and measuring it accurately. In this Letter, we propose a foreground cleaning method taking advantage of gravitational wave observations in other frequency bands. We apply this method to probing the SGWB with space-borne gravitational wave detectors, such as the Laser Interferometer Space Antenna (LISA). We find that the spectral density of the LISA-band astrophysical foreground can be predicted with percent-level accuracy assuming 10-years' observations of third-generation GW detectors, e.g., Cosmic Explorer. After the foreground cleaning, LISA's sensitivity to the primordial SGWB will be substantially improved.
Introduction.-Primordial stochastic gravitational wave background (SGWB) has been conjectured to arise from various fundamental physical processes from the early universe [see e.g. Ref. 1, for a recent review], including the inflationary origin [2] [3] [4] [5] [6] [7] , cosmic strings [e.g., [8] [9] [10] [11] [12] and first-order phase transition due to electroweak symmetry breaking [e.g., [13] [14] [15] [16] . Therefore measuring primordial SGWB at different frequencies will provide important information to understand our universe before recombination [17] [18] [19] [20] [21] [22] . However, the total SGWB also contains contribution from astrophysical foreground of gravitational waves (GWs) from unresolved compact binaries [22] , including galactic binary white dwarfs (BWDs), binary black holes (BBHs), binary neutron stars (BNSs) and possibly black hole-neutron star binaries (BHNSs). Removing the influence by the astrophysical foreground would be an essential step towards the measurements of primordial SGWB.
Inspired by recent dicussions about the benefits of multi-band GW observations [23] [24] [25] [26] [27] [28] [29] [30] , we propose a multiband foreground cleaning method and apply it to measuring the primordial SGWB in the LISA band [31] . The third-generation GW detectors, e.g. Cosmic Explorer (CE) [32] and Einstein Telescope (ET) [33] , are expected to detect almost all BBH and BNS mergers in our universe [34] . With data from these ground-based detectors, we can reconstruct the underlying distribution of the BBH/BNS population and derive their contribution to the astrophysical foreground in the LISA band. In particular, we find that the astrophysical foreground can be predicted with percent-level accuracy with the CE running for 10 years. After removing this predicted astrophysical foreground from the LISA data, it can be shown that LISA's sensitivity to the primordial SGWB will be substantially enhanced.
In this work, we use BBHs as the proxy of astrophysical foreground sources, while the astrophysical foreground sourced by BNSs and BHNSs can be cleaned in the same way. This multi-band foreground cleaning method does not apply for the galactic BWDs, because BWDs merge at a much lower frequency and never enter the band of ground-based detectors. Therefore we conservatively confine our analysis to a higher frequency band (f 5 mHz) where the BWDs contribution to the foreground is negligible compared to that of BBHs.
We use the geometrical units G = c = 1 and assume a flat ΛCDM cosmology with H 0 = 70 km/s/Mpc, Ω Λ = 0.7 and Ω m = 0.3.
Stochastic GWs from Astrophysical Binaries.-
We now elaborate how to estimate the astrophysical foreground in the LISA band given a sample of mergers detected by the CE. Consider an observational period of LISA in [−T /2, T /2], the average spectral density of the astrophysical foreground in this period is (see Appendix for a detailed derivation)
where index i runs over all BBHs in our universe,
Here f i t denotes the frequency of GW emitted at time t from i-th BBH, so that during the LISA observational period, only BBHs that cross the frequency f contribute to the summation in Eq. (1). In the quasi-circular approximation, one can show that the expectation value ofĤ A (f ) is
where ... is the ensemble average over realizations of BBHs,Ṅ O is the merger rate seen in the observer's frame (i.e., number of mergers per unit time detected by CE/ET), ζ := (GM z ) 5/6 /D L and P (ζ) is the corresponding distribution function normalized as ∞ 0 P (ζ)dζ = 1, with M z = (1 + z)M c being the redshifted chirp mass, and D L being the luminosity distance.
Physically Eqs. (1) and (2) display two different perspectives in understanding the astrophysical foreground. The former describes an event-based approach: the foreground consists of GWs from all unresolved (by the LISA) inspiral binaries, each of which will enter the ground detector band at a later time; therefore the foreground may be estimated by summing up contribution from events later identified by CE or ET. Eq. (2) states that the (ensemble average of) foreground can be obtained from the statistical distribution of the BBHs, which may also be measured precisely by ground-based detectors. Both approaches are equivalent (see the Appendix for derivation details). In the following sections, we will adopt the distribution-based approach and briefly discuss the application of Eq. (1) in an event-to-event subtraction in the Appendix.
To describe the underlying distribution of the BBH mergers, we need to specify the local merger rate density R(z) (number of mergers per comoving volume per unit of cosmic time) and the mass distribution p(m 1 , m 2 ). As a fiducial model, we assume R(z) = R 0 e −(z/10) 2 with R 0 = 65 Gpc −3 yr −1 [35] , and
for m min ≤ m 2 ≤ m 1 ≤ m max , with m min = 5M and m max = 42M . Combining the mass distribution p(m 1 , m 2 ) with the merge rate density R(z), it is straightforward to infer the merger rateṄ O in the observer's frame and the underlying distribution function P (ζ) (see Fig. 1 ). Given R(z) and p(m 1 , m 2 ), we also generate many samples of BBH mergers. We then reconstruct the distribution function P (ζ) assuming a number of merger events are recorded by ground-based detectors.
Distribution Reconstruction.-We model the Fourier-domain waveform h A (f ) of BBH mergers with the PhenomB waveform [36] which depends on 7 parameters: redshifted chirp mass M z , redshifted total mass M z , luminosity distance D L , effective spin χ, merger time t 0 , merger phase ϕ 0 and inclination angle ı. The mea-
where F +,× (f ; θ, φ, ψ) are the detector response functions which depend on the sky location θ, φ and the polarization angle ψ. As an example, we consider a network with three detectors (assuming CE sensitivity) located in Australia, China and US respectively, with their locations and arm orientations specified in Table I , where the orientation is the angle between the bisector of two detector arms and the local west-to-east direction. 
The solid line is the underlying distribution of ζ defined following Eq. (2), and the dashed line is the KDE reconstruction from 4.5 × 10 5 merger events detected by the detector network, where ζ is shown in units of
For each event, we estimate the parameter uncertainties using the Fisher matrix,
where h d (f ) is the strain in detector d, h d,α is the derivative with respect to parameter α, and P n (f ) is the noise spectral density of detectors [32] . The 1-σ uncertainty of parameter α is given by σ α = (F −1 ) αα . During an observational period T D , we observe N O mergers together with their best-estimated parameters
With a sample of {ζ ,i }, we can estimate the underlying distribution P (ζ) using the kernal density estimator (KDE). We make use of the FFTKDE module from Python package KDEpy and determine the estimator bandwidth using Silverman's rule of thumb [37] . In Figure 1 , we show the KDE reconstructed distribution function P (ζ) from a sample of 5 × 10 5 data points. The underlying distribution is reconstructed to a good precision except in the range of small ζ [38] .
To quantify the performance of the KDE reconstruction, we generate 100 realizations of N O BBH mergers, "observe" each merger with the detector network and reconstruct P (ζ) in each realization. With the recon- structed P (ζ), we then calculate the spectral density H kde (f ) using Eq. (2). In Fig. 2 , we show the fractional deviation σ kde /H A := (H kde − H A ) 2 /H A as a function of the total number of mergers N O . We find that the fractional bias scales as ∝ N −0.58 O , being ∼ 1.3% for N O = 4.5 × 10 5 which is roughly the number of BBH merger events in 10 years.
Estimator of Primordial SGWB.-For simplicity, let us consider two LISA detectors with output s d (t) = h d (t) + n d (t) (d = 1, 2), with h d and n d denoting the gravitational strain and the intrinsic noise in detector d, respectively. The case with a single detector is discussed in the Appendix. The SGWB signal can be measured by cross-correlating outputs from two detector because the detector noises n 1 and n 2 are not correlated, while the GW signals h 1 and h 2 are correlated. In the Fourier domain, the cross-correlation estimator is written as [ 
where 
where
is the overlap reduction function of the two detectors which we assume form a hexagonal pattern, and P n (f ) is the detector noise spectral density [20, [40] [41] [42] . In the ideal case of zero foreground, we can extract the primordial signal directly using the estimator (7) . With the optimal filter Q(f ) = H(f )R * 12 (f )/P 2 n (f ), we obtain the maximized signal-to-noise ratio (SNR)
In the presence of astrophysical foreground, we need to design an estimator of SGWB with foreground subtracted using the KDE reconstruction. In the LISA band, the foreground is dominated by the GW emission from BWDs at low frequencies and by that from BBHs at high frequencies (see upper panel of Fig. 3 ). The spectral density H A (f ) of the BBH foreground is known as a power law, while the spectral density of galactic BWD foreground depends on their orbital distributions. In the following discussion, we will confine our analysis to the frequency range f ≥ f min = 5 mHz, where H BWD (f ) is negligible and H(f ) H P (f ) + H A (f ) to a good approximation.
The spectral density of the astrophysical foreground H A (f ) can be estimated with H kde elaborated in the previous section. From Eq. (7), we define an estimator of the spectral density of the primordial SGWB aŝ
with expectation value and variance
T is the statistical uncertainty due to detector noise and
is the systematic bias due to the limited accuracy of the foreground measurement. Consequently, the SNR of es-timatorŶ scales as √ T for small T , and saturates at Y P /σ A in the large T limit.
Without the multi-band measurement, the influence of astrophysical foreground may be removed by using its frequency dependence. For later convenience, we first define a binned estimator
and also define an estimatorẐ:
where f min = 5 mHz, f max = 1 Hz, and f * is determined by the constraint that the influence of astrophysical foreground is removed
The mean value and the variance ofẐ are
In the upper panel Fig. 3 , we present the spectral densities of LISA detector noise, stochastic GW foreground from various sources, the residual foreground (σ kde /H A = 1.3%), and two fiducial primordial SGWB signals with
In the lower panel, we show the SNRs of estimators defined in Eqs. (9, 12) for these two primordial signals. For comparison, we also show the SNR of the ideal estimator where there was no foreground contamination. Without foreground removal, the estimatorẐ still can be used to detect the SGWB H P,1 , which has a different frequency dependence from that of the astrophysical foreground. However, for H P,2 which has the same frequency dependence as the astrophysical foreground, the SNR ofẐ is zero. In contrast, with foreground cleaning, the estimator Y can be used to measure the SGWB with any spectral density. We find that the foreground cleaning increases the LISA sensitivity by 25% − 55% for model H P,1 , and it enables the detection for model H P,2 .
Discussion.-For both estimatorsŶ andẐ, we have assumed an astrophysical foreground with a simple powerlaw spectral density H A (f ) ∝ f −7/3 , which is true only if binaries have zero eccentricity. In the case of mildly eccentric binaries, the spectral density has a more complicated frequency dependence, which deviates from the simple power-law by 50% for BBHs with eccentricity e 0.2 [44, 45] . In addition, highly eccentric binaries formed through direct captures [46] , as sources for ground-based detectors, are born above the LISA band. Therefore it is important to understand the eccentricity distribution of the BBHs for correctly determining the foreground spectral density in the LISA band. Currently it is believed that there are two main formation channels: field binary evolution and dynamical formation in a dense stellar environment. While BBHs from the former channel are expected to have negligible eccentricities, dynamical formation has the potential to produce BBHs with high eccentricities. As implied by simulations done in Refs. [46, 47] , a non-negligible fraction (∼ 28% × 20% = 5.6%) of dynamically formed BBHs in dense globular clusters have large eccentricities (e 0.01 Hz 0.1 or e 10 Hz 10 −4 ) in the LISA band, and a even larger fraction (∼ 12%) of BBHs are born with larger eccentricities (e 10 Hz 10 −3 ) and never enter the LISA band. The latter ones can be readily measured by CE/ET which can distinguish mergers with eccentricities e 10 Hz ≥ 1.7 × 10 −4 [48] , so that they will not affect the foreground estimation. As a result, we expect H A (f ) to have ∼ 0.5 × 5.6% × F dy deviation from the circular approximation, where F dy is the fraction of BBHs born in the dynamical channel. If dynamical formation is a sub-dominant channel (say, F dy < 0.4), the deviation is likely at sub-percent level and can be safely ignored for our purpose. On the other hand, the loud BBH events detected by LISA may also provide us information about eccentricity distribution in the LISA band [45, [49] [50] [51] . 
Stochastic GWs From Inspiral Binaries
Assuming the SGWB is isotropic, unpolarized and stationary, we can define its spectral density H(f ) as (our definition is diffrent from that of Ref. [39] by a factor 8π),
with h A (f,Ω) being the waveform of gravitational waves coming from directionΩ with polarization state A ∈ {+, ×} written in the Fourier domain. The spectral density H(f ) is related to the energy density of the SGWB by
which in turn relates to the energy fraction of GWs in a logarithmic frequency bin Ω GW (f ) by
where ρ crit := 3H 2 0 /8π is critical energy density to close the universe.
The energy density of GWs averaged over all inspiral binaries in different directionsΩ and a period of time
with index i running over all BBHs in the universe, S i (t) being the energy flux of GWs emitted by the i-th BBH, dots denoting time derivative and f j ± = f j | t=± T 2 being the GW frequency of i-th BBH at t = ±T /2. According to Eqs. (16) and (18), we find the spectral density of the astrophysical foreground averaged over time period
To obtain the mean value ofĤ A (f ), we first consider a sample of BBHs with same redshift z s , same chirp mass M s and merger rateṄ s . For this sample, all BBHs evolve along the same frequency-time curve f (t − t i merger ), i.e., 1 T s Θ s T (f ) is independent of frequency f and is equal toṄ s . Therefore, we have
Now consider BBHs in the real universe, with a merger rate density R(z) (number of mergers per comoving volume per unit of cosmic time local to the event) and the chirp mass distribution p(M c ), we have the merger ratė N s (z, M c )dzdM c = R(z) 1+z dV c (z)p(M c )dM c and the mean value ofĤ A (f ) [52] Ĥ
where dV c (z) = 4πr 2 (z)/H(z)dz is the comoving volume element, with r(z) = z 0 dz/H(z) being the comving radial distance and H(z) being the Hubble expansion rate at redshift z. In the quasi-circular approximation, the waveform in the LISA band is [e.g., 53] h + (f ) = 1 + cos 2 ı 2 5 24
h × (f ) = i cos ı 5 24
where ı is the inclination angle of the binary with respect to observers on the earth, M z = (1 + z)M c is the redshifted chirp mass, D L is the luminosity distance and Ψ(f ) is the wave phase. Plugging Eq. (22) into Eq. (21), we find
whereṄ
is the merger rate seen in the observer's frame, ζ = (GM z ) 5/6 /D L and P (ζ) it the corresponding probability distribution.
One detector, two channels
In the main text, we have outlined the foreground cleaning with KDE reconstruction assuming two LISA detectors for convenience, where the stochastic GWs can be separated from detector noise by cross-correlating the two detector outputs. For the proposed LISA mission, there will be a single detector and we may detect the SGWB by utilizing the "null" channel which is blind to GW signals for detector noise calibration, in combination with the normal Michelson (m) channel [54] . In reality, a good approximation to the ideal null channel is the symmetrized Sagnac (ss) channel whose response function R ss (f ) is much smaller than that of the Michelson channel R m (f ) especially in the lower frequency range [41, [55] [56] [57] . In combination with the outputs of the two channels, it is natural to write the SGWB estimator aŝ
where W (f ) = P m (f )/P ss (f ), with P ss (f ) and P m (f ) being the detector noise spectral density of two channels [40, 41, 58] . where P m,ss (f ) is cross power of noises in the two channels. In the similar way, we can write the estimatorsŶ andẐ as in the case of two LISA detectors. We show the SNRs of different estimators for the SGWB with two different fiducial spectral densities in Fig. 4 . As in the two-detectors case, the foreground cleaning increases the LISA sensitivity by 30% − 50% for model H P,1 (f ), and it enables the detection for H P,2 (f ). Compared with the case of two detectors (Fig. 3) , the SNRs of different estimators here turn out to be smaller by a factor 2 ∼ 4.
